The varied surfaces and atmospheres of planets make them interesting places to live, explore, and study from afar. Unfortunately, the great distance to even the closest exoplanets makes it impossible to resolve their disk with current or near-term technology. It is still possible, however, to deduce spatial inhomogeneities in exoplanets provided that different regions are visible at different times-this can be due to rotation, orbital motion, and occultations by a star, planet, or moon. Astronomers have so far constructed maps of thermal emission and albedo for short period giant planets. These maps constrain atmospheric dynamics and cloud patterns in exotic atmospheres. In the future, exo-cartography could yield surface maps of terrestrial planets, hinting at the geophysical and geochemical processes that shape them.
Introduction
Astronomy often involves studying objects so distant that they remain unresolved point sources with even the largest telescopes. Exoplanets are particularly difficult to study because they are small compared to other astronomical objects. Short of building a large interferometer to spatially resolve the disks of exoplanets, we must rely on chance and astronomical trickery to map the atmospheres and surfaces of exoplanets. 1 We expect planets to have spatial inhomogeneities for a few reasons: left to their own devices, atmospheres are subject to instabilities that produce spatially inhomogeneous temperature structure and time-variable clouds. Moreover, planets orbiting near a star are further subject to asymmetric radiative forcing from their star, leading to diurnal (day-night) and seasonal (summer-winter) variations. Lastly, the surface of a planet may have a heterogeneous character due to geological activity.
Although part of the motivation to map exoplanets is simply to know what they look like, there are undoubtedly cases where understanding a planet requires understanding the diversity of its different regions. We would therefore like to map the atmospheres and surfaces of exoplanets.
Mapping Basics
If we can detect light from an exoplanet, then we can try to map it, whether the planetary light is temporally separated (Charbonneau and Deming 2007) , spatially separated (Marois et al. 2008) , or spectrally separated (Snellen et al. 2010) .
It is possible to map the surface of an unresolved object as long as we don't always see the same parts of it-the resulting changes in brightness can be detected across astronomical distances. We are therefore able to tease out spatial information about a planet based on its time-variable brightness, provided we know something about the viewing geometry. For distant astronomical objects, e.g., exoplanets, there are three ways in which our view changes: rotation of the planet, changes in its position with respect to its star, and occultations by another object (Figure 1) .
Rotational mapping is possible because at any given time, we only see light from at most a hemisphere and as the planet spins on its own axis, different atmospheric and surface features rotate in and out of view. Orbital mapping with reflected light is possible due to the changing illumination pattern as the planet orbits its star. Occultation mapping, on the other hand, requires a second object to pass in front of the planet-the host star is the most likely culprit. The occulting object progressively obscures the planet, hence changing our view and the system's overall flux. 2 In practice, multiple sources of variability can be present in a single data set: phase variations are generally accompanied by rotation of the planet, and occultations are necessarily accompanied by some phase variations. 1 The diffraction limit dictates that resolving the disk of an Earth-sized planet at 10 pc requires a telescope-or array of telescopes-at least 24 km across at optical wavelengths, or 600 km across in the thermal infrared. 2 It is also possible to distinguish the western and eastern terminators of a transiting planet by comparing ingress and egress transmission spectra: scale height (Dobbs-Dixon et al. 2012) , winds (Louden and Wheatley 2015), or aerosols (Kempton and Bean 2017) -we do not discuss these methods in this review. The visibility (blue contours) and illumination (red contours) at three times for the different exoplanet mapping techniques: rotational mapping (top), orbital mapping (middle) and eclipse mapping (bottom). For the top two panels, we adopt an inclination of 60 • and in the middle panel the planetary obliquity is 45 • . For thermal emission, the convolution kernel is proportional to the visibility, while for diffuse reflected light the kernel is proportional to the product of visibility and illumination (see the Kernel section below). When the planet is unocculted (top two rows), the non-zero regions of the visibility and illumination are each hemispheres, making the non-zero portion of the reflection kernel a lune. For the occultation geometry shown in the bottom row, we've assumed that the planet is slowly rotating so that essentially the same hemisphere is facing the observer before and after the occultations.
Mapping Formalism
Exo-cartography is an inverse problem, as opposed to the forward problem of predicting the reflected or emitted spectrum of a planet based on its surface and atmospheric properties. The usual approach to the inverse problem is to solve the forward problem many times with varying map parameters to see which one best approximates the disk-integrated observations. State-of-the-art forward modeling involves, at the very least, detailed radiative transfer calculations and hence is not useful for solving the inverse problem . One of the necessities of tackling the inverse problem is therefore making judicious simplifications. Adopting the notation of , the forward problem is approximated as
where F(t) is the observed flux, or lightcurve, K(θ , φ ,t) is the kernel, M(θ , φ ) is the top-of-atmosphere planet map, θ and φ are planetary co-latitude and longitude, respectively, the differential solid angle is dΩ = sin θ dθ dφ for a spherical planet, and dΩ is the integral over the entire planet. Although F stands for "flux", the units of F(t) depend on the situation and chosen normalization: planetary flux, planet/star flux ratio, reflectance, apparent albedo, etc.
Arguably the most important simplification we have made is assuming a static map, ∂ M/∂t = 0, as it is generally intractable to map the surface of an unresolved planet when that map is changing. 3 Time-variations in flux therefore come in through the kernel. If there are no occultations, then the changing sub-observer and sub-stellar locations dictate the timevariability of the kernel and hence the time-variations in observed flux (for thermal emission, only the sub-observer location is relevant). Schwartz et al. (2016) therefore derived closed-form analytic expressions for the sub-observer and sub-stellar co-latitude and co-longitude for planets on circular orbits.
The Inverse Problem
Inverse problems are typically under-constrained, and exo-cartography is no exception. First of all, there may be non-zero maps that produce flat lightcurves, a socalled nullspace. Secondly, different maps sometimes produce identical lightcurves. These represent the loss of information: one can only recover a perfectly faithful map by spatially resolving the disk of the planet. The bottom line is that attempts to map the brightness markings of distant objects suffer from formal degeneracies, even in the limit of noiseless observations.
If the orientation of the planet is not known a priori, then the problem is even more challenging because the kernel is a function of one or more unknown parameters: spin frequency, spin orientation, etc. Nonetheless, it has been demonstrated in numerical experiments that one can extract a planet's spin (rotation rate, obliquity and its direction) from reflected lightcurves (Pallé et al. 2008; Oakley and Cash 2009; Fujii 2010, 2011; Fujii and Kawahara 2012; Schwartz et al. 2016; Kawahara 2016) or from thermal lightcurves (Gaidos and Williams 2004; de Kok et al. 2011; Gómez-Leal et al. 2012; Cowan et al. 2012c .
Exoplanets can be mapped using single-band photometry to produce a monochrome map, or using spectrally-resolved data to produce maps at each wavelength. It is often more insightful, however, to assume that the lightcurves are correlated due to viewing geometry, molecular absorption, or surface spectra. The inverse problem of mapping a planet using template spectra -let alone retrieving intrinsic surface colors and spectra-based on multi-band data is beyond the scope of this review, but has been considered in the literature (Cowan et al. 2009 Fujii et al. 2010 Fujii et al. , 2011 Kostov and Apai 2013; Cowan and Strait 2013; Buenzli et al. 2014; Stevenson et al. 2014 ).
The Kernel
The kernel is the equivalent to the vertical contribution function in 1D atmospheric radiative transfer. 4 By definition, the kernel must move over the planet in order for the exo-cartography to be possible. The shape of the kernel, however, is constant for rotational mapping and thermal phase mapping. For such a static kernel, some maps are always in the nullspace, leading to severe degeneracy in the inverse problem. If the shape of the kernel changes with time, then maps need not remain in the nullspace; this is the case for eclipse mapping, or reflected-light mapping involving both rotation and orbital motion. The degeneracy-busting power of a changing kernel is analogous to how a changing antenna pattern dramatically reduces the degeneracy in the location of a radio source on the sky.
Thermal Emission
For thermal emission problems, the kernel is simply the normalized visibility:
where the visibility, V , is unity at the sub-observer location (the center of the planetary disk as seen by the observer), drops as the cosine of the angle from the subobserver location, and is zero on the far side of the planet or any part of the planet hidden from view by another object (e.g., an occulting star or moon). derived analytic lightcurves for spherical harmonic basis maps in the absence of occultations. Due to the unchanging kernel shape, a large fraction of spherical harmonics are in the nullspace, limiting the accuracy of retrieved maps.
Reflected Light
For diffuse reflected light (a.k.a. Lambertian reflection), the kernel is the product of visibility and illumination:
where the visibility is defined as above, and the illumination is unity at the substellar location (the center of the planetary disk as seen from the star), drops as the cosine of the angle from the sub-stellar location, and is zero on the night side of the planet or any part of the planet in the shadow of another object (e.g., an eclipsing planet or moon). Analytic reflected lightcurves have so far been derived for spherical harmonics in a only few special cases, namely at opposition phase (Russell 1906) , and for tidally-locked, edge-on geometry . Extending this framework to polarized reflected light is beyond the scope of this review, but would undoubtedly yield useful constraints on cloud and surface properties (e.g., Wiktorowicz and Stam 2015) . In practice, the Lambertian kernel is a suitable approximation for most planets at gibbous phases. But back-scattering can be important at full phase, while forward scattering is important at crescent phases (Robinson et al. 2010) . If glint is the dominant form of reflection on a planet, then the kernel is approximately a δ -function at the location of the glint spot (see Appendix C of Cowan et al. 2009 ): the lightcurve in this limit is a Boolean record of whether the glint spot is over water or land. Even when it is not dominant, specular reflection from surface liquid water is important as it is a direct indication of habitability (Robinson et al. 2014, and chapter by Tyler Robinson) .
Due to the combined effects of glint and forward scattering, one has to be wary when combining data from multiple orbital phases to construct a reflected light map of a planet; simulations show that this can be done at quarter and gibbous phases (Fujii and Kawahara 2012) .
Occultations
If a planet passes directly behind its star [see chapter on eclipses by Roi Alonso], then one may map its day side. Eclipse mapping can be applied to either planetary emission or reflected light, but the contrast ratio makes the latter daunting.
While the eclipse depth is proportional to the integrated day side brightness of the planet, the detailed shape of ingress and egress is a function of the spatial distribution of flux on the planet's day side (Figure 2 ). Although eclipses of planets by their host star have so far garnered the most attention, occultations by moons or other planets are also possible, especially in packed planetary systems like TRAPPIST-1 (Veras and Breedt 2017) .
The kernel is discontinuous during occultations, making it more challenging to analytically solve the forward problem. To our knowledge, such solutions have not yet been developed, but by analogy with the related problem of a planet transiting a non-uniform star (Mandel and Agol 2002), we suspect that they exist. 
Basis Maps and Basis Lightcurves
The exo-cartography inverse problem boils down to fitting observed lightcurves. There are two parameterizations of the problem: one can use orthonormal basis maps (e.g., spherical harmonics),
and repeatedly solve the forward problem in order to fit an observed lightcurve, or one can use orthonormal basis lightcurves (e.g., a Fourier series),
to directly fit the observed lightcurve, then identify the associated map and its uncertainties in post-processing. Sometimes, orthonormal basis maps produce orthonormal basis lightcurves and the problem is particularly tidy. This is the case for rota-tional thermal mapping (Cowan and Agol 2008; ). Usually, however, the adopted basis maps do not produce orthogonal lightcurves. There are two broad classes of map parameterizations: global (e.g., spherical harmonics) and local (e.g., pixels). The optimal basis maps will depend on viewing geometry, expected map geometry, and the nature of the data. In general, spherical harmonics are better for rotational mapping, smoothly varying maps, and/or full phase coverage. Pixels are preferable for eclipse mapping, sharp features, and/or partial phase coverage.
A related consideration is the nullspace for a given convolution: it is usually best to use basis maps for which some maps are well-constrained and others are unambiguously in the nullspace as this makes the degeneracies easier to track down. It is not always easy to guess which maps will be in the nullspace: counter-intuitively, thermal rotational mapping and reflected phase variations of a zero-obliquity planet are nonetheless sensitive to the north-south asymmetry a planet's map (Cowan et al. 2012a .
As with many under-constrained inverse problems, it is often necessary to apply a prior on the model parameters, especially when the data are noisy. For exocartography, this takes the form of regularization to enforce smoothness between pixels (e.g., Knutson et al. 2007; Fujii 2010, 2011; Fujii and Kawahara 2012) or suppressing power in high-order modes (e.g., Cowan and Agol 2008; Majeau et al. 2012 ).
Pixels and Slices
An intuitive approach is to pixelize the planetary surface. The most general pixelization scheme is 2-dimensional, for example, a lat-lon grid of pixels or HEALPix. 5 This is useful if the kernel moves or changes its shape in more than one direction, e.g., eclipse mapping or rotational reflected light curves at multiple orbital phases.
Denoting the intensity of the n-th pixel by m n ,
where the basis maps are
As a pixel gets smaller, it is well approximated by a δ -function at its center. Although δ -functions are terrible basis maps for decomposing real-life continuous maps, they have the advantage of being trivial to integrate:
For rotational mapping, latitudinal information is difficult to extract, so it is often reasonable to consider a map consisting of north-south uniform slices (like a beach ball). This situation includes rotational mapping of reflected light at a fixed orbital phase, and rotational mapping of thermal infrared. 
Spherical Harmonics
Any continuous albedo map, M(θ , φ ), may be decomposed into spherical harmonics:
In certain applications it is all but hopeless to glean latitudinal information (but see Cowan et al. , 2017 . Here it is expedient to adopt sinusoidal basis maps, essentially spherical harmonics, but setting m = l (or, equivalently, integrating Y m l over latitude: Cowan and Agol 2008) .
Current Results & Future Prospects
Spitzer Space Telescope phase curves have so far been reported for a handful of short-period planets on circular orbits 6 : HD 189733b (Knutson et al. 2007 (Knutson et al. , 2009b (Knutson et al. , 2012 , HD 149026b (Knutson et al. 2009a) , WASP-12b (Cowan et al. 2012b ), WASP-18b (Maxted et al. 2013) , HD 209458b (Zellem et al. 2014) , WASP-14b (Wong et al. 2015) , WASP-19b and HAT-P-7b (Wong et al. 2016) , and 55 Cancrie (Demory et al. 2016) . In many cases these phase curves have been converted to longitudinal brightness maps (e.g., using Eqn 7 of Cowan and Agol 2008) . Eclipse mapping has so far been performed on HD 189733b with 8 micron measurements from Spitzer (Majeau et al. 2012; de Wit et al. 2012) . Figure 4 shows the combined phase+eclipse map of HD 189733b from Majeau et al. (2012) showing both longitudinal and latitudinal information, making this a coarse 2D map. Demory et al. (2013) constructed an albedo map of the hot Jupiter Kepler-7b based on phase curves from the Kepler mission. Also using Kepler photometry, Armstrong et al. (2016) made maps of the changing atmosphere of the hot Jupiter HAT-P-7b. Many other researcher have analyzed Kepler phase curves to understand the albedo and temperature maps of short period giant planets without explicitly constructing longitudinal brightness maps (e.g., Esteves et al. 2013 Esteves et al. , 2015 Shporer et al. 2014; Angerhausen et al. 2015) . Fig. 5 Map of normalized intensity, I p /I * , for the planet Kepler-7b based on orbital phase variations measured by the Kepler mission (adapted from Demory et al. 2013) . If the planetary light is interpreted as reflected light, then the albedo is proportional to intensity, A g = (I p /I * )(a/R * ) 2 , and the bright region on the planet's western hemisphere has an albedo of 0.64, suggestive of reflective clouds (e.g., Sudarsky et al. 2000) . One possible explanation for the curious cloud pattern is that particles condense on the planet's cooler nightside, are advected to the dayside by eastward winds, and sublimate when the star is overhead (e.g, Heng and Demory 2013; Parmentier et al. 2016 ). Stevenson et al. (2014) analyzed Hubble Space Telescope WFC3 spectral phase curves of WASP-43b. Since the wavelengths probed spanned a water absorption band and hence different heights in the atmosphere, they were able to construct a 2D temperature map of the planet (longitude and altitude) [See the chapter by Parmentier & Crossfield for a review of phase curves, both thermal and reflected.]
In the near future, the James Webb Space Telescope will provide qualitatively better observations of short-period planets (Beichman et al. 2014; Cowan et al. 2015) . In principle, the S/N and spectral resolution should enable 3D temperature maps of the daysides of hot Jupiters, and 2D (longitude and altitude) temperature maps of their nightsides. The spectral resolution and wavelength coverage of JWST will also allow us to distinguish between thermal emission and reflected light (Schwartz and Cowan 2015; Parmentier et al. 2016) , as well as disentangling phase variations, star spots, Doppler beaming, and ellipsoidal variations (Cowan et al. 2012b; Knutson et al. 2012; Esteves et al. 2015) .
Current direct imaging experiments like GPI and SPHERE have detected the rotation of an exoplanet via rotational Doppler broadening (Snellen et al. 2014 ) and in principle could detect variations in thermal emission from planets due to rotation of patchy clouds in and out of view, as is currently performed for brown dwarfs [see Artigau chapter]. The next generation of ground based telescopes should enable both photometric mapping and Doppler tomography of giant planets (Crossfield et al. 2014 ). Cowan et al. 2009) . Bottom: A two-dimensional surface map recovered from simulated full-orbit multi-band observations of a cloud-free Earth twin (from Kawahara and Fujii 2011) ; in this simulation the observer was at northern latitudes and hence could not map the southern portion of the planet. One can readily identify the major landforms and oceans in either of these maps, unambiguously identifying this planet as habitable.
NASA's WFIRST mission will directly image Jupiter analogs in reflected light, hence enabling rotational mapping of their clouds. Future space-based direct imaging missions like LUVOIR and HabEx will enable reflected light surface mapping and spin determination for terrestrial planets (Pallé et al. 2008; Oakley and Cash 2009; Cowan et al. 2009 Cowan et al. , 2011 Fujii 2010, 2011; Fujii and Kawahara 2012; Cowan and Strait 2013, Figure 6 ). The bimodal surface character of Earth may be crucial to its long-term habitability, so constructing surface maps of terres-trial exoplanets will be a step towards understanding habitable environments outside of the Solar System (Abbot et al. 2012; Cowan and Abbot 2014; Foley 2015; Cowan 2015; Komacek and Abbot 2016) .
Clouds are a blessing and a curse to exo-cartography, and are likely to present a challenge for the foreseeable future. From Earth to brown dwarfs, clouds contribute to the spatial inhomogeneity that make exo-cartography interesting and feasible. But clouds also mask underlying features and often vary in time. We therefore expect that much of the future effort in exo-cartography will be dedicated to mapping clouds and devising schemes to minimize their effects in order to catch glimpses of the planetary surface below.
